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1 Introduction

Porous electrodes (PEs) are ubiquitous in industrial electrochemistry, as they allow for the
application of high electric currents, while maintaining a compact size of the electrochemical
reactor. In recent years, one particularly interesting application of PE for novel large-scale
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energy storage devices, referred to as (redox) flow batteries (FB), gained popularity. Such
industrial-scale systems, although being still an emerging technology, constitute one of the
most promising solutions to the electric grid instability, caused by a rapidly expanding share
of intermittent renewable energy resources [37, 57]. Flow battery technology is one of the
main candidates for storing large amounts of electric energy on sites, where the construction of
established grid-imbalance equalizing solutions, such as pumped-hydro storage, is not feasible.

The flow distribution inside the porous structures plays an important role for the overall
performance of FB systems. In FBs, the electrochemical reactions occur at the surface of
a porous medium. The dissolved electro-active species are transported in the electrolyte by
means of forced convection, diffusion, and migration. In general, all of these phenomena are
strongly coupled and highly non-linear, which largely complicates the theoretical description of
FB operation [52].

To accurately simulate a FB cell the coupled transport processes at the pore-scale must be
considered. However, the simulation of an entire macroscopic cell using a fully resolved pore-
scale description would require prohibitively large computational resources even for modern
computer clusters. Instead, efficient macroscopic models are typically used for cell-scale simu-
lations. For such macroscopic models to accurately reflect the sub grid pore-scale processes it
must be ensured that all relevant information is retained when increasing the model abstraction
through an upscaling process [52].

In this work we investigate the application of the volume-averaging method (VAM) to de-
scribe and simulate the macroscopic mass transport of the electro-active species, driven by
convection, diffusion, and a Butler-Volmer (BV) type heterogeneous reaction at the electrode
surfaces. Here we consider simplified, periodic PE geometries at the pore-scale with a focus
on elucidating the effect of the pore-scale geometry on macroscopic transport properties. After
presenting verification studies against published results, we discuss the determined effective
properties, such as the dispersion and effective reaction rate. We highlight modelling errors
that result from often-used oversimplified analytical solutions in cell-scale FB models. Finally,
we present the application of the effective material properties to the transport through a macro-
scopic electrode.

2 Porous Electrodes for Flow Battery Applications

One of the main factors hindering the ubiquitous spread of FB technology on the market is high
cost. Thus, to lower the levelised cost of storage (LCOS), it is highly desired to design more
robust FB systems with superior characteristics, such as competitive round-trip efficiency and
long battery lifetime.

Optimisation of FB electrodes is one of the core ideas towards improving the battery per-
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formance. Focusing on PEs only, two main performance enhancement methods can be dis-
tinguished [16]: On the one hand, the electrode surface may be functionalised with deposited
nanomaterials (e.g. carbon nanorods) or by thermal pre-treatment. The fibre precursor itself
may also be changed, producing fibre characteristics dissimilar to that in commercial materi-
als. On the other hand, the morphology of the PE can be varied, such that desired structural
features appear in a cascade of length scales. In this study, we turn our attention to computa-
tionally analyze the latter idea.

Engineered pore structures can help to approach the ideal electrolyte transport process:
convection to meso-scale pores through micro-scale pores, then diffusion into nanoscale pores
and heterogeneous reaction [5, 46]. Such gradient-pore oriented graphite felt, manufactured
with pore sizes spanning from nano to micro-scales, has demonsirated energy efficiency im-
provements of a vanadium flow battery (VFB) by nearly 20 %, compared to pristine graphite
felt electrodes [46]. Novel materials with gradients of porosity within their volumes were found
to be capable of delivering 69 % higher discharge capacity than these with conventional VFB
electrode design [24].

FB systems commonly employ carbon-based porous material consisting of micrometre-
thickness fibres synthetised from precursors such as polyacrylonitrile. Carbon materials are
relatively cheap, highly conductive, and chemically stable in corrosive electrolyte solutions.
PEs utilised in modern FB have been historically derived from proton-exchange membrane fuel
cells (PEMFCs) gas diffusion layer materials, which were, however, not designed to perform
optimally in FB applications [15]. Hence, a high potential for further refinements exists, for
example via computer simulation-aided PE architecture design.

Key Metrics of Porous Electrodes Porous materials, whether natural or synthesised, are
characterised by a complicated morphology of the solid material and the complementary void
volume, through which the electrolyte flows. The geometry, connectivity and orientation (topol-
ogy) of these domains are typically disordered. Thus, these porous domains can be analysed
in terms of statistical descriptions.

The most fundamental geometric property of a porous electrode is the porosity € € (0,1),
which is the ratio of the void volume to the total volume of the porous material. The total
geometric surface area of the void-matrix interface divided by the total volume which encloses
this surface is referred to as specific surface area, a, (m>m~3). However, the surface area
available for redox reactions can be different from the geometrical surface area e.g., due to
steric effects of the molecules. Tortuosity, 7, is another often-used parameter, describes the
length of the effective path of transport (of mass, charge, heat, etc.) across the PE divided by
the geometric distance.

Porosity, tortuosity and specific surface are, as expected, correlated [10]. In macroscopic
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electrode models, the tortuosity factor is often defined as [42]

€
DM =p= 1
o (1)

where D denotes the molecular diffusivity and D" is the effective diffusivity at the macroscale,
which is affected by the pore-scale morphology and transport processes. The well-known
Bruggeman relation for random porous media used for more than 50 years is given by

T=¢ 1/, (2)

where n =1 for porous materials with randomly embedded cylinders and n = 2 for spheres,
see [42]. Thanks to its simplicity, the Bruggeman relation has been used extensively in FB
modelling literature (cf. e.g. [29, 35, 55]).

Despite the abundant usage of the Bruggeman approach in the porous electrode modelling
literature, experimental studies on Li-ion batteries indicate great deviations of tortuosity values
predicted by Eqg. (2) from measured data due to the complexity of the porous structures [10].
There are numerous reasons for this discrepancy. First, real PEs are characterised by a range
of tortuosities, rather than a single, average value. Moreover, microstructural variations can
locally increase the tortuosity by a factor of three [26]. Other explanations are sought in ran-
domness in particle (solid matrix) packing and local inhomogeneities. The Bruggeman relation
was originally derived assuming spherical and cylindrical obstruction to transport [42], whereas
porous electrodes in FB consist of oblong fibres, which casts further doubts on the applicabil-
ity of this relation for FB modelling. To date, no good correlation between microstructure and
macroscopic tortuosity has been found [10].

Incorporating meso- and micro-scale effects into component, stack and cell-types of models
is vital not only for increasing model predictability, but also for improving the understanding of
processes occurring within PEs [28]. Current technigues allow for manufacturing PE with well-
controlled micro- and nanostructure features. The remaining question persists: what is the
optimal pore architecture to maximize electrode power efficiency [28]?

2.1 Established Methods for Simulating Porous Electrodes

Continuum Models with Simplified Closure Relations In the most typical FB modelling ap-
proach, momentum, mass, heat and charge conservation equations are resolved in one to three
spatial dimensions to virtually represent different parts of the flow cell or stack. The balanced
quantities are treated as a macroscopic continuum (Newman-type [34] models), meaning that
the governing equations are written for averaged (over the representative elementary volume,
REV) quantities, rather than for their intrinsic (intra-pore) counterparts [9, 14]. In this approach,
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physical micro-properties, such as porosity and tortuosity, are spatially uniform. Transport prop-
erties (such as the diffusion coefficient or electrical conductivity) in the constitutive relations
need to be corrected for the fact that the considered balanced quantities in liquid solution or gas
phase (e.g. concentration) are in fact averaged over a domain consisting of both electronically
conductive solid electrode phase (the so-called matrix) and void phase (taken by the liquid elec-
trolyte or gas). However, such corrections are not particularly rigorous and only aim to better
approximate the empirical data. Solving a true mathematical closure problem is accomplished
in the up-scaling process which we describe in section 2.2.

There are numerous examples of macroscopic continuum modelling approaches based on
(over-)simplified relations in the literature of FB modelling, available for a variety of FB systems.
For example, Zhang et al. [57] simulated a VFB cell in 2D using the Brinkman equation for elec-
trolyte flow with the Kozeny-Carman relation to estimate hydraulic permeability of the electrode,
and the Bruggeman relation for diffusion coefficient and electronic conductivity. Albeit so com-
mon, such simple corrections of the intrinsic transport properties should be critically assessed,
and the underlying assumptions verified for particular PE structures [9, 25]. It is commonplace
that microstructure parameters, such as porosity or specific surface area remain fitting parame-
ters at the macroscopic level to better match model results with macroscopic observables (e.g.
polarisation curves) [18]. Evidently, such an approach may jeopardise the predictive power of
macroscopic continuum model simulations.

2.2 Up-scaling Methods

When dealing with the disparity of physical length scales in PEs, trade-offs must be sought to
allow for obtaining accurate results at affordable computational costs. “Brute-force” modelling
of the whole PE volumes (e.g., hundreds of cm?) used in industrial FBs to resolve micrometre
pores is impractical (or even impossible), due to prohibitively long computation times. On the
other hand, simulating FB electrodes using the computationally efficient macrohomogeneous
approach requires additional subgrid-scale models to capture the electrode morphology effects
on cell performance.

Mathematical upscaling methods can be used to rigorously determine the effective pa-
rameters in macroscopic transport equations, which reflect the effect of the pore-scale pro-
cesses [11, 38]. Various up-scaling methods exist and have been applied in numerous fields
of science. All methods, however, share two common goals: (1) deriving macroscopic balance
laws and (2) formulating closure problems for transport parameters to be used in the balance
laws. In fact, many macroscopic models were first devised from empirical observations (e.g.
Darcy’s law, Brinkman equation) and only later derived using the formal mathematical upscal-

ing [4].
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In this work, we select the VAM to extend the currently available literature studies of systems
with porous structures, in which flow phenomena, together with chemical reactions (heteroge-
neous or homogeneous), occur by including the electrochemical reaction interface (of BV-type)
in the PE model. We focus particularly on the modelling of FBs, albeit the procedures discussed
herein can be applied to other electrochemical flow cells, such as electrolysers.

The VAM is used to derive spatially homogeneous representations of conservation laws in
porous media. Processes in these media usually occur over various length scales, and the
information from the smaller scale is systematically conveyed to the larger scale in the volume
averaging process. This up-scaling procedure has been well documented in the literature [43,
49, 50] and applied in a variety of fields, for instance chemical engineering [19] or groundwater
hydrology [36].

Literature studies on the VAM most relevant for the application to FBs, concern up-scaling
of inertial and creeping flow in porous media [2], dispersion of mass [45], advection-diffusion-
reaction equations (heterogeneous and homogeneous, zeroth and first order reactions) [43,
44], and non-linear reactions: homogeneous [31] and heterogeneous [20].

In the matter of electrochemistry, Le et al. [28] developed an up-scaled PE model of a
chronoamperometric experiment, in which electron transfer was described using the BV equa-
tion and the mass transport at the pore-scale was assumed to be dominated by Fickian diffu-
sion. Ultimately, however, the non-linear BV equation employed as the boundary condition in
this study was simplified to a linear Tafel-like equation. For a given sufficiently high and con-
stant overpotential, the surface reaction term was thus reduced to a first-order reaction. The
authors used the VAM to derive effective parameters in representative, periodic PE consisting
of spheres in simple cubic (SC), body-centered cubic (BCC) and face-centered cubic (FCC)
geometric arrangements. The effective parameters resulting from the VAM were employed in
a simplified 1D geometry to simulate the transient chronoamperometric response. The VAM
results were then compared with a direct numerical simulation (DNS) of the same electrode
structures and the agreement was excellent. Le et al. achieved roughly 3100 speed-up of the
1-D upscaled model compared to the DNS approach.

3 Modelling of Porous Electrodes

Transport phenomena within PEs are inherently of a multiscale nature, as depicted in Fig. 1,
where a hierarchy of scales is exhibited, starting from the macroscale in panel (A), over the
mesostructure (B), the microstructure (C), to the surface phenomena (D).

We are interested in macroscopic transport models for PEs, which allow for the efficient
simulation of large electrode domains with a characteristic length scale L. On the other hand,
the pore-scale structure has a characteristic length scale I, which is assumed to be much
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smaller compared to the macroscopic scale. By means of the VAM the effects of the pore-scale
morphology and transport are incorporated into the macroscopic description.

3.1 Pore-scale Transport Modelling

The electrode geometry is assumed to be rigid and spatially periodic, so that the electrode
material is generated by translational copies of a periodic unit cell. In Fig. 1 A) we show an ex-
emplary periodic porous electrode structure generated by a simple unit cell geometry displayed
in Fig. 1 B). The unit cell domain is partitioned into an electrode domain V; and electrolyte
domain Vi, separated by an interface domain Ag,.

At the pore-scale we assume the flow velocity to be small enough for inertial effects to be
negligible. Furthermore, we assume dilute concentrations of the electro-active species. As-
suming a Newtonian fluid, the convective flow can be described in terms of the Stokes equation

Vp—-Vv=0, V.-v=0, reV; (3)

with no-slip boundary condition on the electrode surface.

To simplify the governing equations we assume the electronic resistivity to be negligible
both within the electrode material and the electrolyte phase. In practice the latter condition
can be realized experimentally by the usage of a supporting electrolyte. In this work we as-
sume isothermal conditions and set the constant temperature to 7 = 298.15 K. Additionally,
we assume the average separation of the pore-scale electrode structures to be much larger
compared to the Debye length, which allows to impose the electroneutrality condition within the
electrolyte phase. These simplifications allow the mass transport of the electroactive species i
to be described in terms of an advection-diffusion equation

v-Ve; =DV, reVg, (4)

where D denotes a diffusion coefficient, which is assumed to be constant and equal for all
electro-active species. The coupling to the heterogeneous reactions at the electrode-electrolyte
interface can be stated generally as

—DVCi'nﬁG :r,-(cl,...,CN), I'GA[}(;, (5)

where ng,; is the unit vector pointing from the electrolyte into the solid electrode phase (see
Fig. 2) and r; denotes a general production term due to the electrochemical reaction.
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Figure 1: The cascade of length scales involved in FB models: A) Macro-scale featuring the characteristic
macroscopic length scale L; B) Meso-scale structure with characteristic pore-scale length / over a representative
elementary volume (REV); C) Micro-pore scale, where the dominant transport mode is molecular diffusion and
migration in the electric field; D) Surface phenomena on the atomistic scale.
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Figure 2: Ay Macroscopic representation of a simplified porous electrode - a periodic medium composed of
conductive fibres, B) the corresponding representative elementary volume

3.1.1 Electrochemical Reactions

In the electrochemical context of this work, we consider the reversible one-electron transfer
redox reaction
Ox+e =Red. (6)

We model the kinetics of Reaction 6 using the practical form [12] of the Butler-Volmer equation

j = M (e(17a>fnrefcred _ efafnrefcox> , (7)
Cref

where j is the current density at the electrode surface (Am—2), ¢.r denotes a fixed reference

concentration (molm—3), « is the transfer coefficient, and

F

jO,ref =Fkcret, Met=E —Eeq(cref)a f= R—T’ (8)

are the reference exchange current density, the overpotential with respect to a reference state,
and the inverse thermal voltage (V~'). In Eq. (8), k denotes the heterogeneous reaction rate
constant (ms™1!), E is the electrode polarization (V), and E.q is the equilibrium potential of the
considered redox reaction.

Here we choose a reference state based on the reference inflow condition cyer = ¢ . =

cirgdvref and assume for simplicity a symmetric reaction with « = 0.5 in the rest of this work. In
this work we adopt the convention that anodic currents and overpotentials have a positive sign.

Note that the local surface overpotential (measured just outside the double layer structure),
ns = E — Eq, still depends in general on the local electrolyte composition, since Eq is a function
of the local species concentrations: Rewriting the practical BV Eqg. (7) in terms of the local
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surface overpotential yields

1 Cred
Ns =E —Eq :E—Eeq,ref‘F?lH(COX) 9)
with the current density
i=jo (e(lfa)fns _e*afns> ’ (10)

. . 1-a
where Jo= ]O,Iefc(()x )

c; is the local exchange-current density.

Thanks to the assumption of negligible ohmic resistivity within the electrode and electrolyte,
the electrode polarization E is spatially constant and thus also n.;. Therefore, for a given
reference concentration, overpotential, and symmetry coefficient, the electric current density
j is a linear function of the species concentrations. As we show in detail further below, this

property allows to recast the BV equation to a linear reaction law
j = —FkCA (1 1)

for the reaction
A —B. (12)

3.2 Characteristic Scales and Dimensionless Groups

In the following analysis it is convenient to cast all governing equations into their dimensionless
equivalents. Such an approach has an advantage over dimensional formulation when working
with a disparity of different scales as it reveals the dimensionless groups parameterizing the
chemico-physical processes.

Let us introduce the nondimensional quantities

(13)

defined with respect to the characteristic molar concentration <%, length-scale 1°, velocity +°,
pressure p, current density j°, and voltage V° defined by

I}
COZCrefa lozlxa VOZ 77 pozlo|v<p>ﬁ|v joz ) VOZ 7 (14)

where ¢ = 1M is the characteristic species concentration, I, denotes the size of a unit cell
in the x-direction, |V(p)?| is the norm of the volume-averaged pressure gradient to be defined
later, and V' is the thermal voltage.
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One of the most important aspects of a dimensionless formulation is the identification of
critical scaling parameters. Since for a given applied pressure difference the flow velocity is not
known a priori, we define an alternative Reynolds number [2]

p(°)

Ref = e IV(p)P| (15)

based on the applied pressure gradient, where p is the (constant) electrolyte density (kgm—3)
and u denotes the (constant) dynamic viscosity (Pas). Based on Re;, we define the Péclet
number
Pej = @ =Re;Sc, with Sc= X, (16)
D D
where Sc denotes the Schmidt number and v = u/p is the kinematic viscosity of the electrolyte
(m?s7!). As we consider here aqueous electrolytes we set Sc = 1000 in the remainder of this

work.
The transport of the electroactive species i in the B-phase is then described by the diffusion-
advection equation given in nondimensional form as

Pe?\_’ . vC_i = ?zc‘i, re Vﬁ . (1 7)

The dimensionless scaling parameter controlling the importance of the electrochemical reaction

with respect to diffusive transport is

. kO
Ki; = 37 (18)

The nondimensional reactive boundary condition for the linear reaction law is then given by
—vC_a'IlﬁG = —Ki;C,, I_'GAﬁG. (19)

Similarly, to nondimensionalize the BV-type reaction Eq. (7) and the respective boundary con-
dition into dimensionless form, we define the anodic and cathodic kinetic numbers as

MoK i %ao =Kija, with a, = e(lfmfnmf, ae = e et (20)
so that the dimensionless form of the BV equation reads

J=Kiftreq —Kiféox, F€Aps (21)
with the corresponding reactive boundary conditions

—vc_red ‘Nge = ]Ta —vc_ox ‘Nge = _]7’ rec Aﬁa- (22)
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To simplify the notation we will drop the overline symbol in the following to denote nondimen-
sional quantities.

3.3 Upscaling the Transport Equations

In the VAM approach, the pore-scale transport equations are averaged over an REV (here cor-
responding to a unit-cell) to derive the governing macroscopic transport equation and effective
transport parameters.

The intrinsic averaging operator for any field variable f defined over the electrolyte domain Vj
reads [49]
()P = %l fdv with ¥ = | 1dV, (23)
B Vs Vs
where 73 is the volume of the f-phase. The electrode porosity can be then expressed as
e ="7g/7, where ¥ is the total unit-cell volume. Defining analogously the intrinsic averaging

operator over the solid electrode domain V;; allows to express the total volume as ¥ = ¥ + 75.

Generally, any field f can be decomposed into its (intrinsic) average value and a remaining
part f indicating deviations from the averaged value as

=P+ (24)

Additionally, the superficial averaging operator is given by

(f) =% s fdv, (25)
B

so that the superficial average is related to the intrinsic average by (f) = e(f)*.
Similarly, we define the interfacial surface average operator

_ 1
A Ao

Fpo FdAgs With gy = / 1dAge, (26)

Ao

where Ag,; is the interfacial surface domain between the 8 and o domains within a unit cell and
/g denotes the corresponding interfacial surface area.

Comprehensive derivations of the VAM are available in the literature (see e.g. [2, 43, 49]).
Therefore, we will focus in the following on presenting the main results relevant for the current
study.
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3.3.1 Momentum Conservation

The electrolyte flow is governed by the incompressible Stokes equation, which can be written
in nondimensional form as [2]

V(PP +VG—Vv=0, V.v=0, reVs, (27)
where the pressure field is decomposed as
p=(p)’ +p. (28)
The pressure deviation field j satisfies the periodic boundary condition
pr+1) =p(r), with 1, =e?;, (29)

where el is the ith unit basis vector and ; is the corresponding unit cell length. As a result,
the volume-averaged dimensionless pressure gradient in Eq. (27), V(p)?, is a unit vector (due
to the selection of [y as the characteristic length) and its orientation dictates the direction of the
electrolyte flow.

The electrolyte is assumed to have zero velocity at the fibre surfaces (no-slip condition) and
the velocity field is periodic over the REV, that is

v(r+1) =v(r). (30)

Upscaling of the Stokes equation with the VAM yields the well-known Darcy law, see e.g. [48],
which can be expressed in nondimensional form as

K;-V(p)f = —(v), (31)

where K; is a symmetric and positive-definite permeability tensor, which is nondimensionalized
with the characteristic scale K? = (1%)2.

3.3.2 First-order Heterogeneous Chemical Reaction

The application of the intrinsic volume averaging operator on the advection-diffusion equation
and subsequent simplifications yields the macroscopic transport equation [43]

a ~ . ~
£PelV - (<c,->ﬁ (v)P ) — V. [(v<c,->ﬁ + 2 (o) ,3(,) P! <5v>ﬁ} — a,Kis (<c,->ﬁ (&) ,3(,) (32)
This transport equation is unclosed, since the deviation fields ¢, v are not known at the macroscale.
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To derive a closed-form macroscopic transport equation, a closure ansatz is used for the
deviation fields, e.g., for the concentration fields the ansatz

& =1-Vie)P +gei)f (33)

is inserted into the unclosed form of the transport equation, where f and g are unknown closure
variables. As shown in [43], this results in the following periodic closure problems

Pef (V+v-VE) = VAH+Ki(f)ss, eV, (34)
—nﬁG-Vf: Kilf—i—llﬁg, reAgg, (35)
f(r)=f(r+1) reV, i=1,2,3, (36)
0P =0, (37)
and
. ALy

Pel*V.Vg:VZg%—Kll(%—l—(g)ﬁG), revg, (38)
—ngs-Vg=(g+1)Ki;, re€Ag, (39)
glr)=g(r+1) reVv, i=1.273 (40)
() =0. (41)

The closed equation now reads
ePeiV- ({ca)? (V) ) = V- (D" V() ) — @, KiT(ea)?, (42)

where D* and Ki®" are the previously defined dimensionless total dispersion tensor and the
effective kinetic number, respectively, both of which depend on f and g and are determined by
resolving Eq. (37) and Eq. (41) according to

a

D’ =14 =" (ngof)po —Pej{f¥),  Ki™ =Kii (1+(s) po) (43)
where I is the identity matrix. Note that the total dispersion tensor combines the effect of
the heterogeneous reaction (second right-hand side term) and hydrodynamic dispersion (third
right-hand side term) on mass transport, so that in the case of no convective flow (i.e. Pe; =0),

the dispersion tensor reduces to the effective diffusion tensor, since

D* = DT — per (7P (44)
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3.3.3 Simplification of the Reactive Transport Equations

The transport equations for the electro-active species can be simplified by considering a change
of variables from the individual species concentrations (cex,crea) t0 the pair (cr,cox), Where cr
denotes the total species concentration cr = cox + creq, Which satisfies the transport equation

Pejv-Ver = Vier, reV, (45)
—Ver- Ngs = 0, re Aﬁd' (46)

Clearly, any constant function for the total species concentration ¢z that satisfies the boundary
conditions is a valid solution. This allows to reduce the transport problem to the equation

Pejv:-Veox = Vs, TEV (47)
—Veox -ngg =Kij - (c7 —cox) —Kij -cox, T € Ags. (48)

The boundary condition of Eq. (48) can be written equivalently as
—Veox Mgs =k —kjcox, T € Agg, (49)
where kj, = Kifcr and k] = Kif +Kij. Finally, using the variable transformation
kl
Cox :ng"i'k_(,)a cr :C,Tv (50)
1

allows to write the transport equation with a linear reaction law as

Pejv-Vd,, = Ve, x€Vg, (51)

!

—chx ‘Ngg = —kllcoxv X & Aﬁd' (52)

This allows to reduce the problem of up-scaling the advection-diffusion equation coupled to a
BV-type reaction law to the case of a linear reaction law.

The closed-form macroscopic transport equation immediately follows as
PerV- (e <V>ﬁ <ch>ﬁ) =V. (gD*V<ch>ﬁ) —ay .k (1 + <g>ﬁ6> <ch>ﬁ , (53)
which can be stated in terms of the species concentration variable c¢.x as

PeiV - (e ()’ (000 = V- (€D"V (c0)®) —ar, Ky ((eon)® = (e ). (54)
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where we have introduced the effective kinetic number for the BV reaction at the interface

Kigh =i (14 (8)po) = Kir (&7 1) (14 (g) 5, ) (55)
and the averaged equilibrium concentration

_ ko _ 1

eq\f _ "0 -
o) = =T e

[0):4

(56)

which is a function of the overpotential n.;. Additionally, we can introduce the kinetic number
KiPV = Ki, (efanfef + e(lfammf) , (57)

for the BV-type reaction, which encodes the dependency on the reaction constant and overpo-

tential. This relation allows to predict the behaviour of the BV reaction from first-order.

3.3.4 Alternative Dimensionless Scaling Parameters

Using the previously defined scaling parameters we introduce the classical Reynolds and Péclet
numbers

_ pLl{v)| 1]{v)]

Re; = [(¥)IRef, Pe,= = [(¥)[Pe; (58)
defined with respect to the superficial average flow velocity, where we again employ overiine
symbols to differentiate nondimensional from dimensional quantities.

To facilitate the analysis and comparison of different pore-scale structures we additionally
introduce dimensionless scaling parameters defined with respect to the fibre diameter d, which
is considered fixed in this study.

The corresponding Reynolds, Péclet, and kinetic humbers defined with respect to 4 are
given by

Re; =Re;d, Pe; =Pe;d, Kiy = Kid, (59)

where d = d/1° is the dimensionless fibre diameter. Other dimensionless quantities, such as
the permeability tensor, are defined analogously, e.g., K; = K;d 2.

3.4 Direct Numerical Simulation

Complementary to the VAM approach, we perform direct numerical simulations (DNS) to val-
idate the results of the diffusion-advection-reaction equation. For a given geometry of the
periodic unit cell, we create an array of N cells along the X-axis, as depicted in the lower panel
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of Fig. 3. Next, we resolve the pore-scale transport equations Eq. (27), together with Eq. (17)
and Eq. (19) for the first-order reaction or Eq. (52) for the BV reaction.

At the macroscopic boundaries (e.g. the inlet to the porous electrode compartment) we usu-
ally know or can measure the concentration of species (e.g. electrolyte composition). Therefore,
Eqg. (17) is completed with a constant concentration Dirichlet boundary condition

At the macroscopic inlet boundary we prescribe a fixed electrolyte concentration and impose
a standard no-diffusion-flux BC at the outlet, i.e., for species i we set

ci=c(r), re iﬁne, —Vei-mg, =0, rc A%‘g. (60)

Lastly, we set the symmetry BC on the remaining upper and lower faces of the macroscopic
domain according to
_nﬁe . (PC?V — VCi) = O, rec {AEE’A%%WH ) (61)

3.5 Periodic Unit Cells

To study the impact of different PE microstructures (e.g., fibre alignment or porosity) on the
effective transport properties, we generate synthetic periodic PE geometries in 2D and 3D,
which are juxtaposed in the upper panel of Fig. 3 for different porosity values.

The 2D geometries include the simple cubic (SC) and hexagonal (H) geometries composed
of fibres with disc (d) and square (s) cross-sections. The 3D geometries include the mono-
fibre SC in cross-flow (cf) and parallel-flow (pf) arrangements, face-centred cubic (FCC) and
body-centred cubic (BCC) geometries, all of which have disc cross-sections.

The SCs geometry is only used to validate the result with the available data in the litera-
ture. For all other studies, we employ the disc cross-section as the square is rather unlikely to
correspond to an actual carbon fibre shape in the PE for FB applications.

PEs that are either composed of spherical particles with mean sphere diameter 4 or cylin-
drical filaments of diameter d, the specific surface area of the PE can be stated in analytical
form as [38]

ag, =b(l1—eg), (62)

where b = 6 for spherical particles and b = 4 for cylindrical filaments [8] and a,, = a;,d is the
dimensionless specific surface area scaled with the fibre diameter. In Fig. 4 we show the
specific surface areas a,, of the considered geometries, where a,, coincides with Eq. 62 for
the SCd, SCh, and SCpf geometries. However, for the FCC and BCC structures the specific
surface area is reduced, which is due to the overlapping region of the fibres.
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Simple Periodic Porous Electrode Geometries
I

2D 3D

Hd SCef SCpf FCC BCC

Figure 3: Upper panel: Simple periodic porous electrode geometries considered in this study in 2D and 3D: SC =
simple cubic, H = hexagonal, FCC = face-centered cubic, BCC = body-centered cubic; d = fibres with disc
cross-section, s = fibres with square cross-section (for literature study validation only), ¢f = cross-flow, pf = parallel
flow. Lower panel: a PE geometry consisting of n SCd single cells, used in the DNS.

3.6 Characteristic Dimensionless Numbers in FB Systems

Electrochemistry deals with reaction constants k ranging over more than ten orders of magni-
tude. Single electron transfer reactions of &'(kg) = 10 cms~! without molecular structure reor-
ganisation have been reported and can be regarded as relatively fast [3]. On the other hand,
sluggish reactions with (k) = 10~° cms~! are not uncommon in electrochemistry [3].

In most FB applications, k does not need to be exiremely high, as the reaction rate is
enhanced electrochemically by applying sufficiently large overpotentials [3]. However, k should
also not be too low to prevent excessive activation polarisation and irreversibility of the redox
reactions.

Based on given requirements of a FB system, such as high round-trip efficiency, cell voltage,
specific surface area, electrolyte concentration, and conversion rate of electro-active species,
Weber et al. [47] proposed a value k = 1075 cms ! as the minimum rate constant for practical
FB applications.
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Figure 4: Specific surface areas of the considered geometries.

In Table 3 we show reported values of the reaction rate, diffusion coefficient and the dimen-
sionless kinetic number Ki, for a range of different FB systems. The listed values indicate that
the reported redox-active organic molecules have a kinetic number in the range of 1 < Ki; < 10,
while e.g. the kinetic rates of the inorganic vanadium and bromine-based electrolytes are sig-
nificantly smaller satisfying Ki; < 0.1.

FBs with relatively slow electrode kinetics such as VFBs require higher operating overpo-
tentials in order to maintain high electrochemical reaction rates. From [1] (Fig. 2 therein) we
estimate a typical activation loss in VFB system to be in the order of 350 mV, which at 298.15K
yields the dimensionless overpotential of n = 13.6. For other systems in which the activation
losses are lower due to rapid kinetics, the maximum expected n will also be lower.

To estimate the ranges of Péclet numbers Pe; encountered in actual FB applications, we
explored the available literature on (preferably experimental) FB studies. Milshtein [33] used
a symmetric iron FB cell with carbon paper as the PE (25AA from SGL, assuming & = 0.75).
The cell operated at flow rates up to 10 mLmin ! (superficial velocity was estimated from the
volumetric flow rate and electrode width and height). Milshtein et al. assumed a typical diffu-
sion coefficient of ions in agueous solution of 5-107¢ cm?s~!, which yields the range of Péclet
numbers 51 < Pe,; < 1057 for the characteristic fibre diameter d = 1 x 10> m used in this work.

Finally, it is crucial to determine whether the electrolyte flow inside real FB can be mod-
elled as creeping in order for Eq. (27) to hold. Xu et al. [51] studied flow through disordered
and ordered 2D media with square pore cross-section using the LBM. By analysing e.g. the
dependence of hydraulic permeability, K, on Re, (with the characteristic length d defined as the
side length of the square fibre and the velocity being intrinsic), Xu et al. determined the critical
Re, at which K is not any more independent of Re,, indicating the onset of the inertial regime.
Based on the simulation results of Xu et al. (Figure 6 therein) we conclude that the critical Re,
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D (cm?s~1) for a number of different redox active species commonly used in flow batteries.

Table 3: Comparison of standard heterogeneous reaction rate constants, k(cms~!) and diffusion coefficients,
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depends significantly on both e (critical Re; increasing with decreasing €) and the fibre align-
ment. However, the condition Re; < 1 in general ensures that inertial effects are insignificant,
which for Sc¢ = 1000 is satisfied when Pe; < 1000, since Pe; = Re,Sc.

Lastly, to estimate the practical ranges of € for our simulations, we refer to the study by
Zenyuk et al. [56] to conclude that the porosity of various carbon materials in FB applications
normally spans between £ = 0.6 and € = 0.9, depending strongly upon compression.

The above estimations serve as a basis for selecting ranges of the values of dimensionless
numbers in parameter studies presented in the next section.

4 Resulis and Discussion

In this section we present numerical studies of the effective parameters determined by the
VAM-based approach described previously. As we are interested in studying the effects of
convection, diffusion and reaction on the macroscopic effective parameters, we focus here for
simplicity on simple 1D flow problems over domains along the X-axis. This allows a reduction
of the permeability, diffusion, and dispersion tensors to the scalar variables K .., D, and D%,
respectively.

4.1 Model Verification

To verify our implemented VAM-based upscaling method we present the relevant effective pa-
rameters for a range of operating conditions against published results in Figure 5:

Fig. 5a displays the permeability coefficient K, xx over a large range of porosity values using
the SCd structure, where the results of the current study coincide with the published results
provided in [54] (Fig. 2a therein).

In Fig. 5b we show the total dispersion D}, for the SCd geometry with £ = 0.37 over a range
of particle Péclet numbers, which can be expressed as

Pe, =6—, (63)

together with the predicted total dispersion in [13] (Fig. 12 therein). While in the limiting case
of no convective flow Pe, — 0 the dispersion coefficient converges to the effective diffusion,
we observe a quadratic increase in D%, for large Péclet numbers, which coincides with the
Taylor-Aris dispersion relation, see e.g. [17].

In Fig. 5¢ we show the effective diffusion coefficient for the SCd and SCs structures with
e = 0.8 over a range of Kinetic numbers Ki;, together with the results published in [43] (Figure
4a therein). In the limit of small reaction rates, Ki; — 0, the effective diffusion converges to
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a constant that depends only on the pore-scale geometry. On the other hand, in the limit of
dominating reactions, Ki; — «, the effective diffusion converges towards the molecular diffu-
sion [43]. This behaviour can be explained by observing that only those species that are far
from any reactive surface can diffuse between any two points without undergoing any chemical
reaction. For the SCd geometry used here, species located far enough away from any electrode
surface can diffuse along straight lines thanks to the geometrical arrangement of the periodic
pore-scale structure, so that the respective effective diffusion along the x-direction corresponds
to the molecular diffusion.

Finally, in Fig. 5d we show the result of a scaled effective kinetic number for the SCd ge-
ometry with € = 0.37 over a range of kinetic numbers Ki,, together with the results presented
in [43]. The effective reaction rate can be observed to increase linearly for small kinetic num-
bers until a plateau is reached in the limit of large kinetic numbers for all values of Pe;, due
to diffusional transport limitations. While slight discrepancies at high kinetic rates (Ki; > 100)
and particle Péclet numbers (Pe, > 100) can be observed, which may be caused by different
numerical discretisation errors, the results of this study agree well with the published data.

Hamid and Smith [21] used a similar upscaling strategy to derive the effective mass trans-
port in porous electrodes, for which they assumed facile electrochemical kinetics, which corre-
sponds to the limiting case of large kinetic numbers.

The Sherwood number, defined as Sh = k,,d/D, where k,, is the mass transfer coefficient
(ms™1), is the ratio of the diffusion timescale 4%/D to the mass transport timescale d/k,,, in-
dicating the importance of the mass transport (e.g., by convection and diffusion) with respect
to diffusive transport. In the limiting case of large current densities we find that the Sherwood
number is directly related to the effective kinetic number by Sh = Kic.

Fig. 6 shows the Sherwood number over a large range of Péclet numbers for the SCd-2D
geometry and several porosity values, where we used a high kinetic number of Ki,; = 1000 to
approximate the limiting case studied in [21], illustrated as black symbols in the plot.

We conclude that the agreement with the reference data is excellent. Hamid and Smith
noticed effects relevant for our further study: from the mass transport perspective alone, due
to the redistribution of the diffusive flux at 1 < Pe; < 15 and a dramatic increase of Sh, low
porosity media are preferred in flow cells applications. However, low porosity media suffer from
low hydraulic permeability, increasing pumping losses. In Section 4.3 we will reconsider these
competing effects in an optimisation study.

4.1.1 Validation of the VAM against the DNS

To investigate the validity and accuracy of the VAM approach we compare the resulting macro-
scopic solution with fully-resolved DNS results. For this we consider the solution to the reactive
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Figure 5: Verification studies of the determined effective transport parameters.

mass transport problem over a one-dimensional domain shown in Fig. 2 and discussed in Sec-
tion 3.4 in the context of the DNS approach.

For the considered transport problem we set the inflow concentration cE,iQ) = 0.5, the Péclet
number Pe; = 20.1, and employ the BV-type reaction with kinetic number Ki; = 1 and overpo-
tential n.r = 0.5, so that KiP?¥ ~ 2.06. The pore-scale geometry is SCd-2D with porosity & = 0.9.

In Fig. 7 we show the intrinsic average species concentration of ¢, of the upscaled macro-
scopic transport equation, together with the projected DNS solution <COD§‘IS>§, which is evaluated
by averaging the concentration of ¢, over the y-axis as

1 :
(e = 57 [ RSy with Vi) =Vpn{xix-eV v}, Sp= Vel (64
x 7 VB

Assuming a fibre diameter of 10um, the corresponding dimensional unit cell length is 28 um,
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Figure 6: Dependency of the Sherwood number on the Péclet number for the SCd geometry with different porosity
values, together with published results [21] (black symbols).

so that the overall domain lengths for N = 10 and N = 30 unit cells are 280pum and 841 pm,
respectively. Clearly, this is still orders of magnitude smaller than typical macroscopic length
scales in FB applications, for which the pore-scale concentration fluctuations of the DNS would
be hardly resolvable.

10 Unit Cells 30 Unit Cells
0.58F : T 0.62F T ' ‘
0.56¢
0.54+

S

052+
0.50

o @ik
048 :

0 2

X X
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Figure 7: Intrinsic concentration averages of the VAM and DNS results over 10 and 30 unit cells.

Additionally, we verify the applicability of the VAM method for different flow velocities by
varying Pe;. Hence, we keep the same parameters and geometry (for N = 30) as described
at the beginning of Section 4.1.1 and repeat the simulation for various Pe; values as shown
in Fig. 8.
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Figure 8: Comparison of VAM and DNS approaches for different Pe;, where the symbols represent the cell-wise
spatial averages of the DNS and the lines represent the VAM-based solution.

A comparison of the VAM solution (lines) with the cell-averaged DNS solution (symbols)
reveals a general good agreement. However, the results reveal larger deviations of the VAM
solution at higher Péclet numbers. This deviation is expected as the solution of high Péclet num-
ber flows through porous materials depends strongly on the macroscopic boundary condition.
As the VAM assumes a local spatially periodic solution independent of macroscopic boundary
conditions, it fails in representing such transport problems accurately close the macroscopic
boundary.

4.2 Numerical Study of the Effective Parameters

In this section, we present additional numerical studies of the effective parameters over trans-
port parameter ranges relevant for FB applications.

4.2.1 Permeability

Pressure drop is one of the key characteristics of FB systems as it is directly related to the
parasitic losses due to the energy spent on pumping. Our model is capable of predicting the
hydraulic permeability of the PE given the periodic unit cell geometry and porosity. In Fig. 9
we present the xx-component of the dimensionless hydraulic permeability tensor for all studied
periodic geometries as a function of porosity.

The problem of predicting the permeability, for given meso-structures, has been discussed
to a great extent in the literature [2, 32, 39, 40, 48, 53, 54], hence our modest contribution to
this topic herein. In general, the largest relative difference in the permeability occurs at small
porosities (e.g. below 0.5).

The evaluated permeabilities for the different structures fall in the same range of values
determined by Kok et al. [27] for a carbon felt material, where permeability values in the range
K € 10.33,0.58] were computed for estimated porosity values € € [0.87,0.93].
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Figure 9: Dimensionless hydraulic permeability K, .., of porous electrodes composed of different simple periodic
structures as a function of porosity.

4.2.2 Effective Diffusion and Dispersion

The total dispersion tensor in PEs is affected by four factors: (1) the intrinsic molecular diffusion
coefficient, (2) the meso-structure geometry, (3) the convective mass transport in the electrode,
(4) as well as the reactions in the PE.

In Fig. 10a we show the dependency of the effective diffusion coefficient DT on the kinetic
number Ki, for a passive diffusion transport (Pe; = 0) using different geometries with constant
€ =0.9. For the flow-aligned fibre structure SCpf we find that the chemical reaction has no
effect on the diffusion as DS = 1, since the flow-aligned structure allows particles to diffuse
unhindered in straight paths along the x-direction, so that the effective diffusion rate equals
the molecular diffusion. For all other investigated structures, we observe a reduced effective
diffusion rate due to the blockage of the particles by the fibres, which leads to longer effective
diffusion paths.

In Fig. 10b we show the total dispersion D7, as a function of Pe,; for all considered geome-
tries with constant € = 0.9 and the kinetic number Ki; = 0.1. We observe that the dispersion
increases quadratically in Pe; for all considered unit cells. Furthermore, we note a significant
variation in the dispersion between the studied structures, where the flow-aligned structure
shows the smallest dispersion, while the more complex FCC and BCC structures exhibit the
highest dispersion.

4.2.3 Effectiveness Factor

The electrochemical reaction rate in a PE can be enhanced in three ways: (1) by increasing
the rate constant, &k (e.g. by increasing the temperature), (2) by intensifying mass transport by
means of higher flow rates of electrolyte through the PE and (3) by increasing the overpoten-
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Figure 10: Total dispersion tensor (xx-component) as a function of (a) Kiy and (b} Pe, for different simple, periodic
geometries (for other constant parameters cf. text)

tial at which the PE operates. To analyse the actual effectiveness of the electrode in terms
of the electrochemical conversion impacted by all three factors, we define the dimensionless
volumetric effectiveness factor, N = ay,(1+ (g) go)-

The volumetric effectiveness factor n¢ is shown in Figure 11 (left) as a function of the
kinetic number Ki, for the passive diffusion scenario (Pe; = 0). In the limit of small kinetic
numbers Kiy — 0 we find (g) g — 0, so that the volumetric effectiveness factor tends towards the
specific surface area a,,. On the other hand, in the limit of large kinetic numbers, the volumetric
effectiveness factor tends to zero, as the overall reaction rate becomes limited by the diffusion
transport. We note a clustering of the results in two groups: The SCd, Hd, and SCpf structures
show a very similar effectiveness factor and perform significantly better in comparison to the
FCC and BCC structures. This difference can be explained by a lower specific surface area
of the FCC and BCC structures. Figure 11 (right) displays the relative increase of n¢ due
to convective flow over a range of Péclet numbers, where the kinetic number is held constant
at Kiy = 1. While the effectiveness factor does not increase at higher Péclet numbers for the
flow-aligned fibre structure SCpf, all other investigated structures display an increase in the
effectiveness factor, which is most pronounced for the BCC structure.

4.3 Optimisation Study of the Pore-scale Structure

Let us apply the up-scaling methodology to the problem of determining optimal pore-scale
geometries that maximize the overall efficiency of a porous electrode. For this we consider the
simplified macroscopic one-dimensional porous electrode illustrated in Figure 12, where the
electrolyte concentrations of the electroactive species at the inlet boundary is given by Dirichlet
boundary conditions and simple natural Neumann boundary conditions are imposed on the

SONAR Deliverable Report



oy "v‘-“_."l\r'—"r\“ 1.8F -"-’.’_"_'.-'0-‘
-2t ;‘;"\ | [ eane
\;\,\ 16
,3_
2 \N
* \Y 14
= . \ A
5 \’\ o _
B % | -v'-v-'v--v--v'-v-'v--v--v-v-'v-v--v-v-v-v'-v-‘
\
Q E
il \\"; 10-I .-I-I-I—II-l.-l--l—I.-.-...
—7 . . . A 08 - Sa0gaaaaaa
0= 10 ! 10' 107 10' 102
(a) "

=~ SCd-2D == Hd-2D SCpf-3D '+= FCC-3D =+ BCC-3D

Figure 11: Electrode effectiveness factor as a function of Ki, for passive diffusion (a) and with convection (b).

outlet boundary.

c(0) = ¢ ! _ > ! d(Ly;)=0

0 z L,

Figure 12: lllustration of macroscopic 1D porous electrode domain.

With the abbreviations ¢ = (c)#, ¢* = (c*9)#, the one-dimensional mass balance equation
can be expressed as

Peyic' = ¢ — Kiflf(c — ¢®),  ¢(0) =co, (L) =0, (65)

where Pey = Pe,/(eD*) and KiShl = a4, KiS /(e D*) denote the Péclet and kinetic numbers scaled
with respect to the effective macroscopic total dispersion and ay ,.

For the above one-dimensional transport problem, the specific energy dissipation (defined
as the dissipation of energy per mass of fluid flowing in the porous medium) can be stated in
non-dimensional form by

2
; v
ndlss — 8<]{j . (66)

The analytical solution to Eqg. (65) allows for a closed-form expression of the spatially averaged
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Ly
(s) :Kiszadvalx /0 (c(x) — ) . (67)

reaction rate

In the following we set the macroscopic domain size to L, = 10°, which corresponds to a
length of 1cm. Additionally, we consider the dimensionless inflow concentration of the reactant
" = 0.5, with an equilibrium concentration of ¢® = 1/(1 + exp(—Tr)), Where 1t = —1, and a
kinetic reaction number of Ki; = 1.

Figure 13 displays the averaged reaction rate over a wide range of specific energy dissipa-
tion values for the considered pore-scale geometries at a fixed porosity values of £ = 0.6 (left)
and e = 0.85 (right). Ordering the structures from highest to lowest average reaction rate yields

SCpf > Hd ~ SCd > FCC > BCC (68)
for small specific energy dissipation values, whereas the ordering changes to
BCC ~ SCpf ~ FCC > Hd > SCd (69)

at high values of n%*s. These changes can be explained by the different permeability values
of the structures: While the cross-flow aligned Hd and SCd structures allow for a high reaction
rate compared to the FCC and BCC at low dissipation rates, their comparatively lower perme-
ability leads at high flow velocities to increased energy dissipation rates, where both the FCC
and BCC become favourable. Overall, the flow-aligned fibre structure SCpf shows very good
performance.

107! : : - - - 107!
1072} 1072}
1073} 1073}
10_46 ‘5 ‘4 I3 I2 I1 10_46 I5 I4 I3 ‘2 ‘1
10°° 107 10* 107 1072 10° 1 10 10 10 107 1072 10° 1
Specific Energy Dissipation Specific Energy Dissipation
m— SCd-2D == Hd-2D SCpf-3D == FCC-3D == BCC-3D

Figure 13: Average reaction rate over a range of specific energy dissipation values for the considered pore-scale
structures with € = 0.6 (left) and € = 0.85 (right).

To investigate the impact of the porosity on the reaction rate, we show in Figure 14 the
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performance of the flow-aligned structure SCpf for different porosity values. The results show
that higher porosity values are favourable at lower specific energy dissipation values, whereas
lower porosity values allow for an increased average reaction rate at higher dissipation rates
thanks to their increased specific surface areas.

107!

104 ‘ , ‘ , ‘ . ] ==1¢€=09
10° 10° 10* 10° 1072 100 1
Specific Energy Dissipation

Figure 14: Average reaction rate over a range of specific energy dissipation values for the SCpf geometry with
different porosity values.

4.4 Numerical Methods and Mesh Convergence Study

In the simulation studies carried out in this work we used the COMSOL Multiphysics software.
For the mesh generation we employed an auto-generated mesh, whose mesh size and degrees
of freedoms can be controlled by an auto mesh size parameter s, where s = 1 corresponds to
the setting of the finest mesh setting, whereas larger values (s = 2,3,...) correspond to further
coarsened meshes. In Fig. 15 we show the relative error in the effective parameters D* and Kicff
as a function of the auto mesh size parameter for the parameters € = 0.85,Pe; =~ 100,Kiy; = 1.
The relative error is evaluated with respect to the most finely resolved mesh, which is here
s =1 for the 2D geometries and s = 2 for the 3D geometries, respectively. In this work we used
2 < s <4, depending on the problem and geometry so that the expected relative errors in the
effective parameters are on the order of 1% for D* and 0.1% for Ki®.

4.5 Surrogate model

In this work we have assumed the pore-scale geometry and transport conditions to be spatially
homogeneous. However, the results presented here can also be applied to inhomogeneous
materials or transport problems with spatially (or temporally) varying conditions, given that ma-
terial property gradients and variations in operating conditions occur over macroscopic length
scales much larger compared to a single unit cell, see [49].

When simulating transport problems through porous electrodes with variable material prop-
erties, such as spatially inhomogeneous porosity values in graded materials, there is a need for
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Figure 15: Relative discretisation error in the effective parameters.

repeated evaluation of the effective parameters. To avoid the necessity for numerous numerical
solutions for the effective parameters when solving the macroscopic PDE we propose a two-
step approach: (1) the effective parameters are solved for a set of parameter values that are
sampled over a parameter space, whereby for each effective parameter a surrogate model is
constructed using the evaluated effective transport coefficients at the sampled parameters, (2)
which allows for an efficient online evaluation when solving the macroscopic transport equation.

Here we use the Kriging approach to provide a fast evaluation of the effective parameters.
The Kriging estimator interpolates the given sample values and provides an estimation at the
unsampled points based on a weighted average of the sampled values located in a neighbour-
hood, together with an estimate of the uncertainty. For each effective parameter Kiclf, D¥ we

d
generated a Kriging model using N = 10° samples over the parameter space Pe,, Kiy, €.

5 Conclusions and Outlook

5.1 Summary

In this work we presented an application of the VAM to the mass transport in PEs with a BV type
electrochemical reaction. Thanks to the simplifying assumptions it was possible to reduce the
transport problem to the advection-diffusion equation with a linear reaction law using a suitable
variable transformation.

We performed a dimensional analysis of the transport problem, which revealed the critical
transport scaling parameters Pe,;, Kiy, Sc, where we fixed Sc = 1000 in this study. Subsequently,
we analysed the dependency of the effective transport parameters K, .., D ,, and Kitt on

the scaling parameters and the geometry, for which we studied two 2D and four 3D periodic
structures parameterized by the porosity.
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Validation studies for the predicted effective transport parameters showed very good agree-
ment with published results. The numerical studies revealed the predicted permeability value
for the investigated structures to be in a realistic range when compared to simulation results
performed by Kok et al. [27]. The results presented in this work indicate that the ubiquitous
usage of the analytical Bruggeman relation for the effective diffusion should be used with care
when applied to FB applications as the Bruggeman relation neglects the effect of the heteroge-
neous reactions and convective flow on the effective total dispersion tensor.

In a next step we employed the evaluated effective parameters in a simple 1D transport
problem in a macroscopic electrode, for which we determined the overall spatially averaged re-
action rate for a given energy dissipation. This allowed to identify the optimal pore-scale struc-
ture for a given porosity value and conversely the optimal porosity value for a given pore-scale
structure. The results indicate that the optimal structure depends on the operating conditions,
where fibres aligned orthogonal to the convective flow direction are preferred at lower flow rates
and fibres aligned parallel to the flow are preferred at higher flow rates. Additionally, the optimal
porosity value was found to correlate inversely with the energy dissipation rate.

Finally, we constructed a surrogate model based on the Kriging method, which allows to
efficiently evaluate the effective transport numbers for a given set of dimensionless pore-scale
geometry and transport parameters. The surrogate model is especially useful in case of in-
homogeneous materials with spatially or temporally varying properties, for which the effective
parameters must be evaluated over a range of transport parameters. We will publish the model
as open-source code on our GitHub account (https:/github.com/Isomorph-Electrochemical-
Cells/RFB-SEMCS), allowing the effective porous electrode parameters presented here to be
easily included in cell models developed by other academic and industrial research groups.
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6 Tables of Symbols and Acronyms

Symbols Description Unit

ay, Specific (geometric) surface area m~!

A o Surface domain, surface size (& = |A]) m?

c Molar concentration molL~!
d Fibre diameter m

D Molecular diffusion coefficient m2s !
Dt p* Effective diffusion and total dispersion tensors m?

E Applied potential \%

f Inverse thermal voltage (f = F/(RT)) vl

F Faraday constant Cmol™!
f.g Closure variables -

I Identity matrix -

j Electric current density Cm2s7!
k Standard heterogeneous reaction rate constant ms !
K Zeroth-order reaction rate constant molm=2s~!
K First-order reaction rate constant ms~!
Ki®ff Effective kinetic number ms !
K Hydraulic permeability tensor m?

l Mesoscopic characteristic length m

L Macroscopic characteristic length m

n Normal vector -

14 Pressure Pa

r Position vector m

ro Averaging radius m

R Universal gas constant JK 1mol™!
T Absolute temperature

v Flow velocity ms!
Vv,V Unit-cell domain, unit-cell volume (¥ = |V|) m3

Vo Thermal voltage (VY = RT /F) \Y

x Mole fraction -
Greek symbols Description Unit

o Symmetry factor in the Butler-Volmer model -

n Overpotential Y,

£ Electrode porosity -

p Electrolyte density kgm 3
v Electrolyte kinematic viscosity m2s !
u Dynamic viscosity Pas
Subscripts Description

a Refers to the anodic direction of the electrochemical reaction

c Refers to the cathodic direction of the electrochemical reaction
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d Based on the fibre diameter (e.g., a; )

e Refers to the macroscale boundary

i Refers to species i

) Based on the unit cell length (e.g., a;,,)

ox, red Refers to oxidized or reduced species, respectively

T Refers to the total concentration

B Refers to the electrolyte phase (liquid)

c Refers to the porous electrode matrix phase (solid)

Bo Refers to the interface between phases o and o

Superscript Description

0 Refers to characteristic scale

a Refers to the anodic direction of the electrochemical reaction
c Refers to the cathodic direction of the electrochemical reaction
eq Refers to the electrochemical equilibrium condition

(B Refers to the intrinsic average over the void space

in, out Refers to inlet and outlet boundaries

Dimensionless
groups

Description

Re

Sc

Pe

Pe,

Ki;, Kiy
Ki?, Kif
Sh

Reynolds number (for definitions see text)

Schmidt number, Sc=v/D

Péclet number (for definitions see text)

Particle Péclet number (for definitions see text)
Kinetic numbers (Ki; = ki°/D° Ki, = kd¢ /D)
Electrochemical anodic and cathodic kinetic numbers
Volumetric Sherwood number (Sh = a,k,/°/D)
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